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The Josephson current flowing in a junction be-
tween two superconductors is a striking manifes-
tation of macroscopic quantum coherence, with
applications in metrology and quantum informa-
tion. This equilibrium current is related with the
formation of Andreev states localized in the junc-
tion, whose energy depends periodically on the
superconducting phase difference [1–3]. Topology
emerged as a guide for predicting exotic proper-
ties of Andreev states. In particular, topological
superconductors host Majorana modes at their
ends [4–7]. Then, in a junction with such leads,
the hybridization of two Majorana modes re-
sults in an Andreev state with a period-doubling
of its energy-phase dependence [4, 8]. Fur-
thermore, topologically protected crossings be-
tween Andreev states in junctions with more than
two leads may be revealed through a quantized
transconductance [9–11]. The prediction moti-
vated recent efforts to fabricate multi-terminal
junctions [12–15]. Here we combine both topo-
logical effects to predict a robust non-vanishing
quantized transconductance in trijunctions with
topological leads. Such devices are envisioned
to reveal the anyonic nature of Majorana states
through their braiding [16, 17]. Our prediction
can be used to assess that a given junction is in-
deed suitable to perform its braiding function.
A series of recent works have explored the topological
properties of Andreev states in multi-terminal Josephson
junctions [9–11, 18–21]. The findings exploit the analogy
between the Andreev spectrum of an N -terminal junc-
tion as a function of the superconducting phase differ-
ences and the band structure of a material in d = N−1
dimensions, with the superconducting phase differences
playing an analogous role as the quasimomenta in the
Brillouin zone.
A transition from a topologically trivial to a topo-
logically non-trivial phase requires the closing of a gap.
Therefore the investigation of topological properties of
multi-terminal Josephson junctions has mainly been fo-
cused on the identification of topologically protected
band crossings and, in particular, so-called Weyl points.
Generically a crossing of two bands requires three con-
trol parameters. Thus, in a four-terminal junction, the
three independent superconducting phase differences are
sufficient to induce a topological transition [9], while in
trijunctions an additional control parameter such as the
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a) b) 
FIG. 1. Sketch of a trijunction made of three topological su-
perconductors hosting Majorana modes at their ends. a) The
superconducting phase difference φ2 between two of the ter-
minals can be tuned by a magnetic flux Φext applied through
the superconducting loop that connects them. A voltage V1
is applied to the remaining terminal. The transconductance
G21 = ∂I2/∂V1 is predicted to be quantized in units of 2e
2/h
after averaging over φ2. b) Alternatively, one can measure
the transconductance between two voltage-biased terminals.
flux through the junction area is required [18, 19]. In
both cases, the appearance of Weyl points does not ne-
cessitate any fine tuning of the scattering properties of
the junction.
If we then consider the Andreev spectrum as a func-
tion of two phase differences, taking the third param-
eter as a tuning parameter, a Weyl point at zero en-
ergy signals a topological transition associated with a
change of the Chern number characterizing the ground
state of the effective two-dimensional system. As a con-
sequence, upon fixing the tuning parameter, the effective
two-dimensional Andreev band structure may or may not
have a finite Chern number in the ground state.
The analogy goes further. As in the case of real mate-
rials, a finite Chern number in the ground state is associ-
ated with a quantum Hall effect [22]. In a multi-terminal
junction, it manifests itself through the quantization of
the transconductance Gij = ∂Ii/∂Vj , where Ii is the dc
current in terminal i and Vj is the dc voltage applied to
terminal j 6= i, when the entire space of the two super-
conducting phase differences is explored [9]. Namely, one
finds Gij = (2e
2/h)gsC, where gs is the spin degeneracy
and C is the sum of Chern numbers over all the occupied
states. Due to the presence of a Fermi sea in the case
of real materials, the exploration of the entire Brillouin
zone is automatic. Here the Josephson relation ensures
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2that the phase at the voltage-biased terminal is swept lin-
early with time, whereas the second phase difference can
be controlled using a magnetic flux through a loop con-
necting two of the terminals or, alternatively, with an ad-
ditional voltage (see Fig. 1). Thus, the transconductance
probes the topological properties of the junction. Previ-
ous works showed that a finite transconductance corre-
sponding to a topologically non-trivial state may be ob-
tained in junctions made with conventional superconduc-
tors (gs = 2) [9–11, 18, 19] and in four-terminal junctions
with topological superconductors (gs = 1) [20]. Refer-
ence [21] focussed on the fate of Weyl crossings across a
topological transition in the leads in a specific trijunction
setup.
Here we show that trijunctions made with topological
superconductors generically have a non-vanishing quan-
tized transconductance, i.e., they are topologically non-
trivial. The setup shown in Fig. 1 is the same as the
one proposed for braiding Majorana modes in trijunc-
tions and therefore of great interest in the context of
topologically-protected quantum computation [23]. A
simple picture may be obtained by considering the low-
energy sector only, which is described by the coupling
of the three Majorana modes present at the junction.
While two of the Majorana modes may couple to form a
finite-energy Andreev state, one Majorana mode will al-
ways remain uncoupled and therefore yield a zero-energy
state. We thus obtain a flat band at zero energy plus a
particle-hole conjugated state at energy E± = ±|E+|. As
we will show below, the latter crosses zero energy only if
the system possesses time-reversal symmetry, such that
all three Majorana modes decouple. If time-reversal sym-
metry is broken, a gap exists at all values of the phases
and the ground state carries a finite Chern number. The
Chern number changes sign at the time-reversal invariant
points associated with a three-band crossing (rather than
a Weyl point). As a consequence, the junction displays a
quantized transconductance Gij = ±2e2/h. This signa-
ture is distinct from the case of trivial superconducting
leads by two aspects: the transconductance is always fi-
nite, and the quantum of transconductance is halved due
to the absence of spin degeneracy in the topological leads.
Using numerical calculations of the current-voltage char-
acteristics for representative junctions, we further show
that an experimental detection of the transconductance
quantization is well within reach.
Our starting point to derive these results is a general
formulation of the scattering problem describing the tri-
junction between one-dimensional spinless p-wave super-
conductors. Such topological leads can be realized effec-
tively with semiconducting nanowires and conventional
superconductors using the proximity effect [5, 6]. The
equation determining the Andreev spectrum reads [2]
det
[
S()eiφˆS∗(−)e−iφˆ + a−2()1
]
= 0.
Here S() is the 3 × 3 scattering matrix of the junc-
tion in the normal state at energy , φˆ = diag[0, φ1, φ2]
contains the superconducting phases of the terminals,
a() = /∆− i√1− (/∆)2 is the Andreev reflection am-
plitude, and ∆ is the superconducting gap amplitude in
the leads. The p-wave nature of the topological super-
conducting terminals is encoded in the + sign between
the two terms under the determinant [20], accounting for
the phase shift of pi between the Andreev reflections for
electrons and holes.
The eigenvalues of Aˆ = SeiφˆS∗e−iφˆ are given as
λi = e
iαi with α0 = 0 and α− = −α+. Furthermore
Ei = ∆ sin(αi/2). Thus, the eigenvalue λ0 describes the
flat band. For the Andreev states corresponding to λ±
to cross the Fermi level, those eigenvalues have to be
equal to 1 as well, i.e., Aˆ has to be the identity ma-
trix. This requires ΣT = Σ with Σ = e−iφˆ/2S0eiφˆ/2 and
S0 = S( = 0). Inspired by the parametrization of the
Cabibbo-Kobayashi-Maskawa quark mixing matrix, we
find that the most general form of the scattering matrix
can be written as
S0 =
 c1 s1c3 s1s3s1c2 −c1c2c3 + s2s3eiδ −c1c2s3 − s2c3eiδ
s1s2 −c1s2c3 − c2s3eiδ −c1s2s3 + c2c3eiδ

with ci = cos θi and si = sin θi, and θi ∈ [0, pi/2] and
δ ∈ [0, 2pi[, up to irrelevant phase factors that can be
absorbed into φ1, φ2. Then Σ
T = Σ requires φ1 = φ2 =
0 and θ3 = θ2. This point is effectively time-reversal
invariant.
To study the Chern number when time-reversal sym-
metry is broken, we may expand the determinant equa-
tion around the time-reversal invariant points, similar to
Refs. [10, 18], to obtain an effective low-energy Hamilto-
nian at |φ1], |φ2|, |φ3|  1 with φ3 ≡ θ3 − θ2, which de-
scribes the three-band crossing. In particular, Hψ = ψ,
where the effective Hamiltonian is
H = i∆
2
3∑
i=1
φi
[(
Σ¯∗
)1/2 ∂Σ
∂φi
(
Σ¯∗
)1/2 − c.c.] .
Here the bar denotes quantities evaluated at the time-
reversal invariant point parametrized by θ1, θt = (θ2 +
θ3)/2, δ. Using Σ = Σ
T
and ∂φiΣ = −∂φiΣ
T
, we find
that H is antisymmetric. It is therefore equivalent to the
Hamiltonian that describes a spin-1 in a magnetic field,
H = B.S, with magnetic field B = (Bx, By, Bz) and spin
matrix vector S = (Sx, Sy, Sz). In particular, we obtain
 BxBy
Bz
= ∆
2
 −s1(c2tφ1 − s2tφ2)s1[stctd+(φ1−φ2)− d−φ3]
stct(d−+c1d+)(φ1−φ2)+(d+−c1d−)φ3

3-��� -��� ��� ��� ������
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FIG. 2. Value of the gap Em = minφ1,φ2 E+ as a function of
the “chirality” δG = GNii+1 −GNi+1i for 5,000 random scatter-
ing matrices drawn from CUE. It illustrates the correlation
between these two quantities, Em/∆ ≥ (3
√
3/8)|δG|/(e2/h)
(indicated by the black line).
with d± = cos(δ/2)± sin(δ/2) and
Sx = i
 0 ct st−ct 0 0
−st 0 0
 , Sy = i
 0 st −ct−st 0 0
ct 0 0
 ,
Sz =
 0 0 00 0 i
0 −i 0
 .
We see that the crossing of the eigenstates of H is lin-
ear in the three parameters φ1, φ2, φ3. Furthermore, the
Jacobian J > 0 of the transformation from variables
Bx,y,z to φ1,2,3 can be used to show that a monopole
with topological charge n− = −2 (n+ = +2) is associ-
ated with the state at negative (positive) energy [24]. We
are now ready to define Chern numbers in the (φ1, φ2)-
plane for each band. Using particle-hole symmetry, we
conclude that the Chern number of the flat band is
C0 = 0, while the Chern number of the positive and neg-
ative energy bands are opposite and have a jump from
C± = ∓1 to C± = ±1 as φ3 is tuned across 0. Inter-
estingly, the sign of the Chern numbers can be related
to the sign of the “chirality” δG = GNii+1 − GNi+1i =
−(e2/h) sin2 θ1 sin(2θt) sin(φ3), where GNij are the normal
state conductances of the junction. Namely,
C± = ±sign(δG).
Using adiabatic perturbation theory [9, 20, 25] and as-
suming that the system remains in the ground state (i.e.,
the state at negative energy is occupied whereas the state
at positive energy is empty), we find the transconduc-
tance,
G21 = −G12 = 2e
2
h
C−.
This is our main result announced above.
���
���
���
��-� ��-� �
-���-���
-������
���
���
���
��/Δ
� ��/(�
�� /�)
FIG. 3. Differential conductanceGij = ∂Ii/∂Vj as a function
of voltage (log-scale) with a Dynes parameter γ = 2× 10−3∆
for a scattering matrix drawn from CUE with minφ1,φ2 E+ ≈
0.37∆, δG ≈ −0.26e2/h. The transconductance is quantized
in an intermediate voltage regime. At very low voltages, the
flat band induces dissipation, whereas, at high voltages, mul-
tiple Andreev reflections [26, 27] produce an intricate pattern
of subgap features. Finally, at voltages eV  ∆, the normal
state conductances are recovered.
Observing the conductance quantization requires ap-
plying a bias voltage, therefore the adiabatic assump-
tion used to obtain the above results has to be care-
fully analyzed. The voltage-induced dynamics of the
superconducting phase may induce transitions between
different states and, as a consequence, result in a non-
equilibrium occupation of the Andreev spectrum. Parity-
conserving transitions between the flat band and the
finite-energy Andreev state tend to establish an equiprob-
ability for each state to be occupied or empty, and there-
fore suppress the transconductance. Parity-changing
transitions involving continuum states may be induced
either by the presence of subgap states in the leads
or by non-adiabatic processes. They tend to empty
(fill) positive-energy (negative-energy) states, and thus
restore the transconductance quantization. The condi-
tions for parity-changing transitions to dominate over the
parity-conserving ones imposes constraints on the volt-
age that can be applied, which are the more stringent the
smaller the gap, Em = minφ1,φ2 E+, in the Andreev spec-
trum. Using random scattering matrices drawn from the
circular unitary ensemble (CUE), which describes sys-
tems with broken time-reversal symmetry, and taking
the short junction limit, where the energy dependence
of S() can be neglected on the scale of ∆, we find that
the gaps are generically quite large (on the scale of ∆).
Statistics are shown in Fig. 2. They indicate that the
gap is correlated with the amount of time-reversal sym-
metry breaking encoded in the “chirality” δG, such that
Em/∆ ≥ (3
√
3/8)|δG|/(e2/h), where the numerical fac-
tor is derived using the effective Hamiltonian.
In order to check the robustness of the transconduc-
4tance quantization beyond the adiabatic regime, we used
the formalism of multiple Andreev reflections [11, 26, 27]
to compute the current-voltage characteristics of various
junctions with a gap in the range (0.35 − 0.4)∆. An
example is shown in Fig. 3 (for more examples, see the
Supplemental Material). To account for inelastic relax-
ation processes, we used a Dynes parameter [28] to smear
the density of states in the terminals. While the flat band
does not contribute to the quantized value of the adia-
batic transconductance, it may lead to large dissipation
at small voltages in the presence of a finite Dynes param-
eter in the superconducting leads. Namely, if the effective
density of states in the leads is finite below the gap edge,
one probes the zero-bias peak associated with the Majo-
rana mode. For example, it can be seen in Fig. 3 that G11
vanishes over a range of voltages and then starts deviat-
ing from zero again as voltage is further decreased. Thus,
the expected conductance quantization is seen in an inter-
mediate voltage range. A small but finite temperature,
T  ∆, would smear the zero-bias peak and therefore
may help to restore the conductance quantization. For
more details on the effect of the Dynes parameter and
temperature, see the Supplemental Material. Though the
flat band does not affect the transconductance, except at
very low voltage, switchings in its occupation result in
a giant shot noise, as recently predicted in the case of a
time-reversal invariant junction [29]. This might affect
the averaging time necessary to extract the quantized
value [9].
To better show the role of time-reversal symmetry
breaking, we also studied a toy model of a symmetric
junction subject to a magnetic flux Φ (see Methods). The
conductance as a function of flux at low voltage is shown
in Fig. 4. The change of sign of the transconductance at
the time-reversal invariant points, Φ/Φ0 = 0, 1/2, where
Φ0 is the flux quantum, can be clearly seen along with
an increase of G11 showing the increased dissipation due
to the closing of the gap. Within the same model, we
can also study the effect of the Majorana modes at the
far end of the wire: as long as the coupling is sufficiently
weak such that the splitting of the flat band is much
smaller than the gap to the finite-energy Andreev state,
the conductance quantization survives (see Supplemental
Material). As shown in Ref. [20], if the coupling becomes
sufficiently strong, Weyl crossings at finite energy may
render the junction trivial.
In conclusion, we have shown that that Josephson tri-
junctions made with topological superconductors, as the
ones proposed to braid Majorana modes, generically dis-
play a robust quantization of the transconductance that
allows one to distinguish them from the case where the
superconductors are topologically trivial. Our findings
thus provide a novel signature of the presence of Majo-
rana modes in such junctions.
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FIG. 4. Conductance as a function of flux of a symmetric
trijunction with U = 0, t = 1/piν, and a Dynes parameter
γ = 10−3∆ at voltage eV = 0.1∆. Plateaus of quantized
transconductance are visible away from time-reversal invari-
ant values of the flux, Φ/Φ0 = 0, 1/2, while a large dissipation
is generated in their vicinity.
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Methods: The scattering matrix used to obtain Fig. 3
reads
S0=
 0.628+i0.118 0.187−i0.056 0.743−i0.0440.521−i0.151 −0.724+i0.325 −0.198+i0.195
−0.143+i0.526 −0.147+i0.558 0.082−i0.602
.
The symmetric junction used for Fig. 4 consists of super-
conducting leads that are connected via a single site with
on-site energy U and a hopping matrix element t between
the leads with normal density of states ν [18]. The corre-
sponding scattering matrix reads S0 = (1−ipiνW )−1(1+
ipiνW ), where
W =
 U teis/3 te−is/3te−is/3 U teis/3
teis/3 te−is/3 U

and the parameter s = 2piΦ/Φ0 describes the magnetic
flux through the junction.
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SUPPLEMENTAL MATERIAL:
Conductance quantization in topological Josephson trijunctions
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S1. QUANTIZATION OF THE TRANSCONDUCTANCE FOR DIFFERENT SCATTERING MATRICES
In the main text, we presented numerical data for one random scattering matrix. Here we show the results for several
representative matrices with a gap in the range (0.35 − 0.4)∆ to illustrate the robustness of the transconductance
quantization.
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FIG. S1. Differential conductance Gij = ∂Ii/∂Vj as a function of voltage for various random scattering matrices with a Dynes
parameter γ = 10−3∆. (a) minφi E+ ≈ 0.35∆, δG ≈ 0.46e2/h. (b) minφi E+ ≈ 0.40∆, δG ≈ −0.34e2/h. (c) minφi E+ ≈ 0.39∆,
δG ≈ 0.50e2/h.
S2. EFFECT OF THE DYNES PARAMETER AND TEMPERATURE
As shown in the main text, the flat band leads to deviations from the predicted conductance quantization at low
voltages. The value of the voltage V ∗, where these deviations become visible, depends on the Dynes parameter.
Namely, eV ∗ ∼ γ, corresponding to the effective width of the uncoupled Majorana mode yielding the flat band. Using
the same scattering matrix as in the main text, we show the voltage dependence of the conductances in the low-voltage
regime for various values of the Dynes parameter in Fig. S2.
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FIG. S2. Differential conductance Gij = ∂Ii/∂Vj for various values of the Dynes parameter γ = 0.001 (full lines), γ = 0.01
(dashed lines), and γ = 0.05 (dotted lines). The larger γ, the larger the voltage at which deviations from conductance
quantization appear in the low-voltage regime.
It turns out that the conductance quantization at these low voltages improves with temperature. The results
presented in the main text were obtained at zero temperature. It is straightforward to extend te calculations to finite
temperature. As shown here, temperature suppresses the large dissipation due to the flat band at small voltages. In
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Fig. S3 we show the dependence of the conductance on temperature at a fixed voltage. Conductance quantization is
recovered when T & γ.
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FIG. S3. Temperature dependence of the conductance Gij = Ii/Vj at voltage V = 0.1∆/e, and with a Dynes parameter (a)
γ = 10−3∆, (b) γ = 10−2∆ and (c) γ = 5× 10−2∆.
S3. EFFECT OF A FINITE LENGTH OF THE TOPOLOGICAL SUPERCONDUCTORS
In our calculations, we only accounted for the Majorana modes localized at the junction, neglecting the Majorana
modes localized at the far end of the wires. If the wires have a finite length, the two Majorana modes at either end
may couple. Furthermore, inhomogeneities may lead to the appearance of additional Majorana modes at intermediate
distances. Here we investigate how a coupling to an additional Majorana mode in one of the terminals modifies our
prediction.
As a starting point, we use a symmetric junction as described in “Methods” and add an additional channel to
terminal 2. This additional channel is only coupled to the other channel in the same terminal via a hopping matrix
element t0, modeling the coupling between the two Majoranas at opposite ends of the wire, while no direct coupling
to the other terminal exists. The coupling matrix W then reads
W =

U teis/3 te−is/3 0
te−is/3 U teis/3 0
teis/3 te−is/3 U it0
0 0 −it0 0
 .
For small t0, the main effect of the coupling to the additional Majorana is to modify the flat band such that it acquires
a finite dispersion. However, as long as the gap to the finite-energy state remains sufficiently large, the conductance
quantization remains robust. At larger t0, the two states may cross, signaling a transition out of the topological
regime such, that the conductance quantization breaks down. This is shown in Fig. S4.
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FIG. S4. Conductance Gij = Ii/Vj as a function of the coupling t0 at voltage V = 0.15∆ and with a Dynes parameter
γ = 10−3∆. Here t = 0.6 and U = 0.
